The control of nonlocal entanglement in solid state systems is a crucial ingredient of quantum technologies. We investigate a Cooper-pair splitter based on a double quantum dot realised in a semiconducting nanowire. In the presence of interdot tunnelling the system provides a simple mechanism to develop spatial entanglement even in absence of nonlocal coupling with the superconducting lead. We discuss the possibility to control the symmetry (singlet or triplet) of spatially separated, entangled electron pairs taking advantage of the spin-orbit coupling of the nanowire. We also demonstrate that the spin-orbit coupling does not impact over the entanglement purity of the nonlocal state generated in the double quantum dot system.
The control of nonlocal entanglement in solid state systems is a crucial ingredient of quantum technologies. We investigate a Cooper-pair splitter based on a double quantum dot realised in a semiconducting nanowire. In the presence of interdot tunnelling the system provides a simple mechanism to develop spatial entanglement even in absence of nonlocal coupling with the superconducting lead. We discuss the possibility to control the symmetry (singlet or triplet) of spatially separated, entangled electron pairs taking advantage of the spin-orbit coupling of the nanowire. We also demonstrate that the spin-orbit coupling does not impact over the entanglement purity of the nonlocal state generated in the double quantum dot system.
Cooper-pair splitter realised in a nanowire acting as double quantum dot which is coupled to one superconductor (S) and two normal leads (N). Electron singlets in the superconductor are split nonlocally into the different dots as schematically shown in the figure. The entangled electrons in the two quantum dots are then transferred by tunnelling, with rate ΓN , to the normal leads.
correlations can be generated in double quantum dots by means of nonlocal magnetic fields [21] . Other studies considered the possibility to use a spin-selective mechanism, such as ferromagnetic leads, in order to quantify better the entanglement generated in the DQD Cooper pair splitter [22, 23, 24, 25, 26] . We have shown in Ref. [27] that for finite Coulomb interaction, in the presence of interdot tunnelling and strong local coupling with the superconductor, the Cooper-pair splitter may develop nonlocal entanglement even without an explicit nonlocal coupling. This is the result of a coherent process where a Cooper-pair is transferred to one quantum dot leading to a virtually doubly occupied state and the subsequent transfer of one of the electrons by interdot tunnelling to the other quantum dot. In other words, the entangled electron pair in one dot is coherently converted into a nonlocally entangled pair where each electron resides in a different dot. In this paper we investigate how to control the symmetry of the entangled states in the DQD. In particular, we show that, in the presence of a SO contribution in the interdot tunnelling, one can change the symmetry of the entanglement not only from singlet to triplet [27] but, intriguingly, also to a linear combination that still preserves the entanglement.
The paper is organised as follows: In section 2, we briefly introduce our model and describe how to derive currents based on the master-equation approach; Section 3 is devoted to the control of the entanglement. In section 5, we summarise our main results.
Model and formalism
In this section we briefly introduce the model for the Cooper-pair splitter sketched in the figure in the abstract, and describe the formalism used to calculate the stationary current.
The system under study consists of a double quantum dot tunnel coupled to two normal metal leads and to one s-wave superconductor. The DQD system is described by the Hamiltonian
with ε α the orbital level of dot α = L, R and U C the intradot Coulomb energy. For simplicity, we assume the interdot Coulomb interaction to be negligible since the CAR physics discussed in this paper is not affected substantially by the presence of this term. At most 2 electrons of opposite spin σ = ↑, ↓ can reside in one quantum dot, which leads to a maximal total occupation of 4 electrons in the DQD system. Here, n ασ = d † ασ d ασ is the number operator with corresponding fermionic creation operator d † ασ . The last term in Eq. (1) describes the tunnelling between the dots in the presence of SO interaction. We use the notation: sgn(↑) = 1 and sgn(↓) = −1. The physical behaviour can be described with a SO angle φ = k SO l spanning from −π/2 ≤ φ ≤ π/2 and a real interdot tunnelling amplitude t; k SO encodes the SO strength and l is the distance between the dots.
The subgap physics for large superconducting gap can be described by an effective Hamiltonian [28, 29, 30, 31, 21] ,
where the second term describes the local tunnelling process of a Cooper-pair into one dot with tunnelling rate Γ SC and the last term describes the nonlocal tunnelling process of a Cooper-pair splitting into both dots with the rate Γ S ∼ Γ SC e −l/ξ which is maximal when the distance between the dots is much smaller than the superconducting coherence length ξ [16] .
The Hamiltonian H S can be written in diagonal form as H S = a E a |a a|. It is easy to show that in the basis of the eigenstates |a , the dynamics of the off-diagonal elements of the reduced density matrix of the proximised DQD is decoupled from the occupation probabilities and it does not enter in the expressions for the currents. Therefore we can restrict to the occupation probabilities P a for the eigenstate |a of H S , which obey the master equatioṅ P a = a w a←a P a − w a ←a P a in lowest order in the tunnelling rates to the normal leads [32, 33, 34, 35, 36, 37] . The tunnelling rates w a←a for the transition from the state |a to the state |a can be obtained by Fermi's golden rule [31, 27] 
being the Fermi function of the normal lead α with chemical potential µ α and temperature T . We set the chemical potential of the superconducting lead to zero. The tunnelling rates with the normal leads Γ N are assumed to be energy independent in the energy window relevant for the transport. The counting field [32, 35, 36] (3) allows us to express the stationary current through the right normal lead via
where P stat a is the stationary solution of the masterequation and e 0 denotes the electron charge. We finally note that hereafter we consider the temperature being highly resolved Andreev states and the second inequality guarantees the validity of the first-order perturbation theory in Γ N .
Resonant current peaks and entanglement
In the following, we will focus on the CAR resonance of the system where the entanglement is maximal. We assume a completely symmetrical DQD configuration. The asymmetry of the coupling of the two dots with the normal and superconducting leads may be easily included in this scheme and does not crucially modify the reported results. The interested reader can find a more detailed discussion of the effect of structural asymmetry, including different Coulomb energies for the two dots, in the Appendix B of Ref. [27] . We consider symmetric bias voltages µ ≡ µ L = µ R and level positions ε ≡ ε L = ε R which is the optimal point to develop spatial entanglement in the system.
The nonlocal coupling to the superconductor, for sufficiently negative chemical potential µ, leads to nonlocal Cooper-pair splitting with a resonant current at zero dot level ε ≈ 0, as shown in Fig. 1(a) . Spin-independent interdot tunnelling may shift the position at which this resonant current occurs to positive level positions ε > 0 for φ = 0. In general, an additional resonance emerges in the presence of SO interaction if φ = kπ with k integer [see Fig. 1(a) ].
In Ref. [27] we discussed only the two cases φ = 0 and φ = π/2 for the SO angle, which are representative for the behaviour of the system with interdot tunnelling when the SO effect is absent or when it is maximal, respectively. These two cases crucially differ in the symmetry of the entanglement developed in the DQD at the nonlocal resonance. Intriguingly for φ = π/2 a nonlocal triplet is generated even if the s-wave superconducting lead injects in the DQD only singlet Cooper-pairs. This symmetry change is brought about by the SO interaction. In the following section, we will discuss the rich phenomenology determined by a generic SO angle φ.
3.1 Effect of SO angle φ over the entanglement symmetry Figure 1(a) shows the current through the right lead I R as a function of the dot level ε and the chemical potential µ. For finite interdot tunnelling amplitude t, with 0 < Γ S , Γ SC t U C , and for intermediate SO angle φ = π/4, the CAR peak is in general split in two resonances at ε ≈ 0 and ε ≈ t 2 /2U C where the one at zero level position sets in for µ −t/2. This is very similar to the phenomenology discussed for the case φ = π/2. 1 1 A notable difference is that for a generic angle |φ| = π/2 the current shows a particle-hole (PH) symmetry breaking behaviour of the current in the plane (ε, µ) when the nonlocal coupling ΓS = 0, see detailed discussion on PH symmetry breaking in Ref. [27] .
Copyright line will be provided by the publisher In Fig. 1(b) we show the current as a function of the level position ε at a fixed value of the chemical potential µ = −t for different values of the the nonlocal tunnel coupling Γ S (different line styles). The dependence on Γ S is very weak and for this reason one can keep the nonlocal coupling fixed at an intermediate value Γ S = Γ SC /2 without loosing much generality.
In order to discuss the symmetry of the nonlocal entanglements in the DQD, we show in panels (c) and (d) the populations P S and P T 0 , respectively, for the singlet
, and the unpolarised triplet state, |T 0 =
. The populations at the maximum of the current peaks are a very rough estimate of the entanglement developed in the system. We first notice that for φ = π/4 both CAR peaks are characterised by finite singlet and triplet populationsthe maximum value of the populations is essentially independent of Γ S . The effect of the SO angle φ on the populations of the DQD is clearly shown in the panels (e)-(g). The shifted peak (the right one) at ε ≈ t 2 /2U C is for φ = 0 essentially characterised by the singlet symmetry. For higher values of φ the singlet population is reduced and an almost equivalent triplet component emerges, and for maximal SO angle |φ| = π/2 only the triplet component remains. The non-shifting peak ε ≈ 0, however, exhibits an almost opposite behaviour: for small φ, it has essentially triplet symmetry and for increasing SO angle this unpolarised-triplet population is progressively transferred to the singlet population which becomes maximal for φ = π/2. The SOangle φ turns out to be an effective control knob to modify the proportion of the singlet/triplet populations at the current resonances as can be appreciated in panel (h) of Fig. 1 , which shows the singlet population P S (dashed lines) and the unpolarised-triplet population P T 0 (solid lines) as a function of φ at the non-shifting (blue) and the shifted (red) current-peak maxima.
The value of the nonlocal coupling Γ S does not change the position of the current peaks, but affects the linewidth of both resonances. We have already shown in Ref. [27] that entanglement in the system may still be generated even without nonlocal coupling Γ S = 0. However, in the following we do not specifically consider this case, since to obtain the maximal nonlocal entanglement it is advantageous to keep the nonlocal coupling finite. In the next section, we introduce a minimal model which describes how the SO angle controls the symmetry of the entanglement in the DQD.
Level structure at the nonlocal resonances
In Fig. 2 we show the minimal model which describes the occurrence of the nonlocal current resonances shown in Fig. 1 . It is essentially an extension of the model introduced in Ref. [27] to a generic SO angle and it is able to capture the essential physics of the SO control over the entanglement symmetry in the DQD. This model contains only the empty state |0 , the single occupancies |ασ of
Figure 2
Effective level structure at the CAR resonances.
the dot α = L, R with spin σ =↑, ↓, the singlet state |S , the unpolarised triplet state |T 0 , and the doubly occupied
. 2 The arrows correspond to the different coupling mechanisms between these states. We can limit our investigation of the spectrum and eigenstates to the even-parity sector since Γ N Γ SC , Γ S , t and the tunnelling rates with the normal lead Γ N correspond to transitions between even-sector states and the singly occupied states |ασ . In the even sector, chosing the basis {|0 , |S , |T 0 , |dL , |dR }, the Hamiltonian reads
We note the SO angle dependence of the interdot tunnelling terms in the off-diagonal elements of H 0 , which is essentially determined by the different symmetry of the singlet and the triplet state. Since Γ S , Γ SC t, we can take the limit Γ S = Γ SC = 0 and the eigenvalues and eigenvector in this case are given in Table 1 . There, we have introduced the symmetric and anti-symmetric combinations of the doubly-occupied states |d± = (|dR ± |dL )/ √ 2 which arise from the breaking of the degeneracy of the states |dα by the interdot tunnelling. We also introduced the dimensionless variable τ = t/U C . 3 In Table 1 one immediately sees that the eigenvalues of H 0 are independent of the SO angle φ. This is in full agreement with the fact that the peak position for the nonshifting (shifted) current resonance in Fig. 1 is related to 2 We do not include the polarised triplet states |T σ = d † Rσ d † Lσ |0 since they are fully decoupled from the other evenparity states. 3 In this work we consider the intradot Coulomb energies of the two dots to be identical but essentially the same physics occurs if they differ by less than ΓSC (t/UC ).
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cos(φ)|S + i sin(φ)|T 0 ± 1±α 2 |d+ Table 1 Eigenvalues and eigenvectors of the Hamiltonian H 0 , Eq. (5), in the limit Γ = Γ SC = 0 with α = 1/ √ 1 + 4τ 2 , |d± = (|dR ± |dL )/ √ 2 and τ = t/U C .
and is independent (dependent) of τ and independent of φ. 4 This fully explains the peculiarity that only one of the resonance peaks shifts with increasing τ independent from φ. The coupling strength τ and the SO angle φ enter in the expression of the eigenstates | ± , which is a result of the peculiar level repulsion between the state |d+ and the singlet and triplet degenerate space.
Nonlocal entanglement control
In this section we discuss the role of the SO angle φ as a control parameter to modify the symmetry of the nonlocal entanglement in the DQD system. The possibility to control the symmetry of the entanglement is suggested by the aforementioned mutual and opposite symmetry character of the DQD populations at the current peaks discussed in Fig. 1(h) . This result can easily understood by inspecting the angle dependence of the eigenstate decomposition reported in Table 1 of the eigenstate | 1 (| − ) for the left (right shifted) peak in terms of the singlet and triplet components . In the Cooper pair splitter one may assume that the entanglement symmetry of the state with one electron residing on each dot [i.e the (1,1) charge state] can be transferred to the leads. We need to verify that the linear superposition of singlet and triplet realised in the DQD is still entangled for all values of the angle φ.
In the literature it has been discussed [25, 26] how to employ ferromagnetic leads to evaluate the entanglement and other quantum properties of DQD Cooper pair splitters. Modelling how the entanglement is transferred from the DQD to the leads is beyond the scope of the present work and we limit ourself to discuss the the symmetry of the entanglement of the DQD in the (1,1) charge state and how it can be controlled by the SO angle. This is an upper bound for the entanglement injected in the normal leads. In our case this upper bound is naturally identified with the entanglement of the DQD states which are involved in the nonlocal transport in the charge sector (1,1). We define the projection operator on that charge sector (1,1) as P (1, 1) . The projection of the state relevant for the non-local transport resonance ε ≈ 0 (ε ≈ t 2 /2U C ) is P (1, 1) [
The position ε− = √ 1 + 4τ 2 − 1 UC /4 of the shifted current resonance as determined by requiring the degeneracy of | − with |0 , i.e. −(ε−) = 0.
(P (1,1) [| − ] = sgn(τ )|Ψ − ) with
where Ψ + (φ) ≡ | 1 since | 1 lives only in this charge sector. These projections are linear combination of the singlet and the unpolarized triplet states and, in principle, can be not entangled. For example if the DQD is in the state
In the charge sector (1,1) the state of the DQD can be mapped into a two qubit state and we can use the concept of the concurrence to evaluate the entanglement [38, 39, 40] . The concurrence of a pure state |ψ is defined as C(|ψ ) = | k B k |ψ 2 | and it ranges from zero (not entangled) to one (maximal entangled). In the DQD charge sector (1,1), the state |B k is the kth element of |S , i|T 0 ,
Lσ |0 with σ = ↑, ↓ denotes the polarised triplet states. One easily finds that
independent of the SO angle, i.e. the two projected states Ψ ± (φ) are fully entangled. This result means that the SO coupling modifies the symmetry of the states without destroying its nonlocality and it confirms that both resonances can develop a certain amount of nonlocal spatial entanglement. The state corresponding to the non-shifting resonance at ≈ 0 appears to be optimal even if, in order to activate it, we need a non vanishing nonlocal coupling Γ S . The shifting resonance instead involves the state | − which is mixed with the double occupancy. So we expect a degradation of the efficiency due its partial mixing with the state |d+ which cannot contribute to the nonlocal spin entanglement between the two dots. The main advantage of the shifting current resonance is that it does not require the presence of the nonlocal coupling Γ S and only a finite local term Γ SC is necessary. This allows to consider setups where the distance of the two dots l ξ with the consequent suppression of the nonlocal coupling.
We would also like to clarify the role of the nonlocal coupling Γ S especially for the non-shifting resonance. When φ = 0, the associated state | 1 contains only the triplet component, see Table 1 . In such a case the nonshifting peak completely disappears since the triplet states totally decouple from the superconducting lead and there is no way to establish a current from the superconductor to the normal leads. One may wonder if the fact that the nonlocal singlet coupling Γ S is relevant in order to observe the non-shifting resonance means that in the end the current in the leads will exhibit only singlet symmetry. This, however, is not the case for Γ S t: the nonlocal term has only the role to couple the system with the superconductor but the current symmetry is determined by the DQD Hamiltonian Eq. (5). However, the fact that the superconductor only couples with the singlet component leads to a reduction of the effective coupling to Γ S | sin(φ)|. This explains why at small SO angles φ ≈ 0 the non-shifting resonance is hardly detectable indeed, following the methods reported in Ref.
[27], we predict a linewidth w 0 ∼ √ 2Γ S | sin(φ)| for the non-shifting resonance.
Analogously, one can see that also the linewidth of the shifting resonance is dependent on the SO angle. In the limit τ = t/U C 1 it is given by
which could potentially affect the visibility of the shifted resonance for particular choices of parameters. Finally, we wish to mention that different types of processes may affect the efficiency of the transfer of the nonlocal entanglement from the DQD to the leads and we envision further studies on this interesting point.
Conclusions
Spatially nonlocal entanglement generation with a hybrid superconductor double-quantum dot Cooper-pair splitter has been investigated. We have shown that the presence of interdot tunnelling and SO interaction can be exploited to change the symmetry of the entanglement. In particular, the spin-orbit angle can be used as control parameter to continuously change between singlet and triplet symmetry without crucially affecting the degree of entanglement. Near the current resonance at zero level position the entanglement is maximal, while at the other resonance spatially nonlocal entanglement can be generated even without nonlocal coupling with the superconductor.
